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H I G H L I G H T S

∙ A CMOEA based on tri-stage collaborative competition multitasking (TCCMT) is proposed.

∙ During the process of evolution, there is always an optimal auxiliary task to help the main task evolve, which greatly improves the utilization of computing resources.

∙ The auxiliary tasks use the constrained adaptive regression strategy and double angle enhancement strategy.
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A B S T R A C T

Constrained multi-objective optimization problems (CMOPs) are common in the real world. Constrained multi-

objective evolutionary algorithms (CMOEAs) based on evolutionary multi-tasking show excellent performance 

in solving CMOPs. However, not all tasks can find useful information during the process of evolution, which 

inevitably results in a waste of computing resources. In this paper, a CMOEA based on collaborative competition 

multitasking (TCCMT) is proposed, in which two auxiliary tasks are constructed to co-evolve with the main 

task in a collaborative competition manner. During the process of evolution, only the dominant auxiliary task 

is selected to help the main task evolve, which reduces the resource consumption to evolve the invalid tasks. 

Meanwhile, the evolutionary process is divided into three stages in order to balance exploration and exploitation. 

The auxiliary tasks customize the constrained adaptive regression strategy and double angle enhancement strategy 

respectively to improve the ability to solve different problems. Compared with the nine most advanced CMOEAs 

on 33 benchmark problems and 7 real-world engineering problems, the Friedman test results show that TCCMT 

achieves the best rank on all test problems and exhibits a statistically significant difference.

1. Introduction

Constrained multi-objective optimization is an important research di-

rection in the field of evolutionary computation, and has many practical 

applications [1]. Taking the power distribution system planning problem 

[2] as an example, decision makers not only hope to minimize the total 

cost of construction and operation, but also need to minimize the loss of 

power outages caused by faults. However, the two goals are essentially 

conflicting: the pursuit of high reliability usually requires more capital 

to build robust facilities. Meanwhile, any power grid design schemes 

must ensure that the voltage of users and the load of lines and substa-

tions are stable within a safe range. All the power grids need to maintain 

a specific structure to guarantee the safety of the system. This problem

of simultaneously optimizing multiple conflicting objectives and strictly 

satisfying constraints is called constrained multi-objective optimization 

problem (CMOP). In general, a CMOP can be mathematically described 

as follows [3]:

Minimize 𝐅(𝐱) = (𝑓 1 

(𝐱), 𝑓 2 

(𝐱),… , 𝑓 𝑚 

(𝐱)), 

s.t.

⎧

⎪

⎨

⎪

⎩

𝐱 ∈  

𝑔 i(𝐱) ≤ 0, i = 1,… , 𝑝
ℎ j(𝐱) = 0, j = 𝑝 + 1,… , 𝑞

,
(1)

where 𝐅(𝐱) refers to the set of objective functions to be optimized, which 

have 𝑚 objective functions. 𝐱 is a decision vector with n-dimensions in
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the decision space . 𝑔 i 

(𝐱) and ℎ j 

(𝐱) represent i-th inequality constraint 

and j-th equality constraint, respectively.

The k-th constraint violation degree of 𝐱 is calculated as follows:

𝐶𝑉 k(𝐱) = 

{

max(0, 𝑔 k 

(𝐱)), k = 1, … , 𝑝 

max(0, |ℎ k(𝐱)| − 𝛿), k = 𝑝 + 1,… , 𝑞 

, (2)

where 𝛿 is a very small positive number used to relax equality constraints 

into inequality constraints. The overall constraint violation (CV) degree 

of 𝐱 is calculated as follows:

𝐶𝑉 (𝐱) =
𝑞
∑ 

k=1
𝐶𝑉 k 

(𝐱), (3)

where 𝐱 is considered to be a feasible solution when 𝐶𝑉 (𝐱) = 0.
Different from multi-objective optimization problems (MOPs), not 

only the conflict between objectives but also constraint satisfaction 

needs to be considered when solving CMOPs [4]. Finding the balance be-

tween multiple objectives that cannot be met by a single solution during 

optimization. Therefore, the key is to find a set of feasible Pareto optimal 

solutions, where the feasible Pareto optimal solution mapped to the ob-

jective space is called the feasible Pareto front or the constrained Pareto

front (CPF) [5–7]. The traditional optimization method is easy to fall into 

local optimum, and it is difficult to converge when encountering com-

plex problems. Evolutionary algorithms are suitable for solving various 

optimization problems due to their population-based search mechanism 

and independence from gradient information, which can output a set 

of high-quality solutions in one iteration [8–10]. Therefore, researchers 

have proposed many types of constrained multi-objective evolutionary 

algorithms (CMOEAs).

In order to deal with the conflict between constraints and ob-

jectives, researchers have proposed various constraint handling tech-

niques (CHTs), such as penalty function method [11,12], multi-objective 

method [13], constraint dominance principle (CDP) [14], and random 

sorting method (SR) [15]. However, researchers have gradually found 

that a single CHT cannot balance the feasibility, convergence, and diver-

sity of the solution. Specifically, if the algorithm pays too much attention 

to feasibility, it may stay in the current feasible region and fall into local 

optima. If the algorithm prefers more diversity, the number of infea-

sible solutions increases, which may lead to difficulty in convergence. 

Therefore, some new enhanced CHTs are applied to CMOEAs, such as 

multi-stage based CMOEAs [16,17], hybrid methods based CMOEAs 

[18], and multiple CHTs based CMOEAs [19,20]. 

Although the method based on enhanced CHT has made some 

achievements in the performance of the algorithm, it is still powerless 

in the face of complex problems. In recent years, a number of CMOEAs 

based on evolutionary multitasking (EMT) have been proposed. The con-

cept of EMT was first proposed in [21], and multiple different tasks 

are optimized simultaneously. Each task corresponds to a population, 

and the population evolves independently. Through knowledge trans-

fer between tasks, the target task achieves optimal performance. EMT 

enables a more comprehensive exploration of the search space using 

knowledge transfer between tasks, reducing the risk of falling into local 

optima. It is more flexible when solving different problems. After these 

advantages of EMT were discovered, researchers constructed a series 

of auxiliary populations to assist the main population. These auxiliary 

populations have different purposes from the main population. A typi-

cal algorithm is EMCMO [21], which does not consider constraints in its 

auxiliary population and helps improve the convergence performance 

of the main population. In addition, the auxiliary population of MTCMO 

[22] uses constraint relaxation to utilize high-quality infeasible solutions 

and improve the diversity of the main population.

However, EMT will inevitably have some problems. A single auxil-

iary population can not cope with all problems, while a large number 

of auxiliary populations will waste computing resources, resulting in

reduced efficiency. Although some methods have been designed to 

terminate the auxiliary population that does not help the main popu-

lation much in the later stage of evolution [23], additional parameters 

need to be introduced. In response to this challenge, the concept of com-

petitive multitasking (CMT) was first proposed in [24]. Unlike EMT, all 

tasks in CMT are equal, and their objective functions have the same per-

formance indicator. The target of each task is comparable, so all tasks 

in CMT can form a competitive relationship. Thus, it is reasonable to 

introduce the concept of CMT into the auxiliary population of EMT to 

establish the priority of the auxiliary population and make reasonable 

resource allocation. Chu 𝑒𝑡 𝑎𝑙. [25] have introduced CMT into solving 

CMOPs and applied it to a decomposition-based framework to design 

a new CMOEA. This shows that using CMT to solve CMOPs is promis-

ing. However, there are some shortcomings in their designed approach, 

where all tasks in the evolutionary process are comparable and computa-

tional resources are allocated only for the selected main task. Therefore, 

it is necessary to design a more effective framework to apply CMT to 

CMOEAs.

Based on the above considerations, a CMOEA based on tri-stage col-

laborative competition multitasking (TCCMT) is proposed. The main 

contributions are as follows:

1. Application of the TCCMT framework: In the proposed TCCMT,

the main task is used to solve the original CMOPs, and the two 

auxiliary tasks compete in a collaborative way to assist the main 

task. During the evolution, auxiliary tasks only select the domi-

nant one to co-evolve with the main task and guide the evolution 

of each other through parent mixing. The evolution process is di-

vided into three stages to implement different strategies. The first 

two stages are used to determine the competitive relationship be-

tween the auxiliary tasks, which can balance the exploration and 

exploitation. The strategies of auxiliary tasks switch adaptively to 

achieve better assistance in the third stage.

2. Constrained adaptive regression task: An improved uncon-

strained auxiliary task is constructed. Compared with the tra-

ditional unconstrained auxiliary task, this task can dynamically 

determine whether the unconstrained population considers con-

straints according to the ratio of feasible solutions in the later stage 

of evolution. In this way, when there are enough feasible solutions 

in the unconstrained population, the population is guided to ex-

plore more regions to search for potentially feasible regions. When 

there are few feasible solutions, constraints are considered to pull 

the population from the infeasible side back to explore and drive 

convergence.

3. Double angle constraint relaxation task: In order to enhance

the exploration based on 𝜀 constraint relaxation technology, the 

angle-based dominance principle and angle-based environmental 

selection are designed for the constraint relaxation population. 

The superposition of the two angle information is conducive to 

selecting more high-quality infeasible solutions and enhancing 

global diversity. The angle-based dominance principle is accu-

rate than the previous CDP, which can balance the objectives 

and constraints according to the angle between the two solu-

tions. Angle-based environmental selection can select solutions 

with better diversity and provide effective information for the 

main population.

4. Comparison of experimental results: Compared with nine most

advanced CMOEAs on 33 test problems on three test suites and 7 

real-world engineering problems, the experimental results demon-

strate the superior performance of the proposed TCCMT and the 

potential to solve practical problems.

The rest of this paper is structured as follows. Section 2 introduces the 

related work in the existing literature. Section 3 presents the motiva-

tion of this paper and describes the proposed TCCMT in detail. The
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experimental results are shown in Section 4. Finally, Section 5 provides 

the conclusion and promising directions for future research.

2. Related work 

2.1. CMOEAs based on constraint handling techniques

Researchers have designed many effective CHTs and applied them 

to CMOEAs to balance objectives and constraints, so as to achieve 

a balance between convergence, feasibility, and diversity [26]. The 

penalty function method constructs a penalty term based on the con-

straint violation degree, and adds it to the objective function to convert 

CMOPs into MOPs. The method is divided into static penalty func-

tion method [27], dynamic penalty function method [28], and adaptive 

penalty function method [29] according to the selection of param-

eters. The multi-objective method treats the objective function and 

constraints as objectives equally, thus avoiding the conflict between 

constraints and objectives. CDP is a typical CHT proposed by Deb 𝑒𝑡 

𝑎𝑙. [30], and it separates constraints from objectives by defining dom-

inance relationship. When comparing two individuals, constraints are 

given priority, followed by objectives. Random sorting method (SR) 

[15] is a probability-based CHT. It determines the priority of constraints 

and objectives according to the probability randomly generated by the 

function, which avoids the problem of premature convergence of the al-

gorithm. CDP is improved in [31] to obtain the angle-based CDP (ACDP), 

which redefines the dominance relationship based on the ratio of angle 

information and feasible solutions. In [32], a dynamic parameter 𝜀 is 

introduced to enhance CDP. This method can treat infeasible solutions 

with constraint violation degree less than 𝜀 as feasible solutions, and the 

use of high-quality infeasible solutions can enhance diversity.

2.2. CMOEAs based on evolutionary multitasking

Qiao 𝑒𝑡 𝑎𝑙. [21] first tried to use EMT to solve CMOPs. In EMCMO, two 

related tasks are evolved simultaneously: the main task is for the original 

CMOPs, and the auxiliary task is for the MOP. An efficient knowledge 

transfer method is designed between the two tasks to improve the effi-

ciency of the task. Similar to EMCMO, URCMO designed by Liang 𝑒𝑡 𝑎𝑙. 

[33] constructed two populations to approach the constrained Pareto 

front (CPF) and unconstrained Pareto front (UPF), respectively. Then, 

different evolution strategies are determined according to the learned 

relationship between CPF and UPF. Tian 𝑒𝑡 𝑎𝑙. [34] designed a weak co-

evolutionary paradigm CCMO to alleviate the problem of the negative 

knowledge transfer in the later evolution. In [35], a bidirectional co-

evolutionary CMOEAs (BiCo) was proposed. The main population and 

the auxiliary population approach the CPF from the feasible side and 

the infeasible side respectively to improve the performance of the al-

gorithm. In addition, they design an angle-based selection strategy to 

retain good infeasible solutions and enhance diversity. To better utilize 

the valuable infeasible solutions, Qiao 𝑒𝑡 𝑎𝑙. [22] constructed a dynamic 

auxiliary task in MTCMO where the constraint boundary will gradu-

ally shrink to assist the main task. Subsequently, they proposed a more 

effective search algorithm and embedded it into MTCMO [36] to ob-

tain IMTCMO. In the cDPEA proposed in [37], the auxiliary population 

explores the region between UPF and CPF, and uses the CHT of the adap-

tive penalty function to find promising infeasible solutions for the main 

population. In the DPCPRA proposed by Qiao 𝑒𝑡 𝑎𝑙. [38], a dynamic 

constraint handling mechanism is designed to enhance the exploration 

ability by gradually increasing the constraints to take advantage of 

the infeasible solutions. In addition, the dynamic resource allocation 

scheme can allocate computing resources for the main population and 

the auxiliary population. To improve the diversity of population, Wang 

𝑒𝑡 𝑎𝑙. [39] proposed a tri-stage framework for diversity enhancement. 

At different stages of evolution process, the angle-domination strat-

egy and the minimum neighborhood-based domination strategy are 

applied to retain the population with good convergence and diversity, 

respectively.

Due to the uncertainty of the positional relationship between CPF 

and UPF, the cooperation of the two populations in dealing with com-

plex CMOPs has been unable to meet the needs of the algorithm. 

Based on the advantages of EMT, researchers have developed a series 

of CMOEAs with multiple auxiliary populations. Ming 𝑒𝑡 𝑎𝑙. [40] pro-

posed a co-evolutionary framework based on three populations. One 

auxiliary population does not consider constraints, and the other aux-

iliary population uses constraint relaxation techniques. Moreover, the 

main population and the auxiliary population co-evolve in a weak co-

evolution relationship. Qiao 𝑒𝑡 𝑎𝑙. [23] set up two auxiliary populations 

in CMEGL. The global auxiliary population and the local auxiliary pop-

ulation are used to enhance the global and local diversity, respectively. 

In addition, they design a global auxiliary population adaptive stop up-

date strategy to stop using UPF in the later stage of evolution, which 

saves computing resources. Zhao 𝑒𝑡 𝑎𝑙. [41] presented a multi-population 

CMOEA based on knowledge transfer (C-MTEA). In the environmen-

tal selection stage, the sharing strategy among the populations is used 

to generate offspring, which achieves more effective knowledge trans-

fer. Liu 𝑒𝑡 𝑎𝑙. [42] introduced an adaptive CEMT framework (ACEMT), 

which designs two adaptive auxiliary tasks. One of the auxiliary tasks 

dynamically reduces the constraint boundary, and the other auxiliary 

task adaptively selects constraints for the population, which improves 

the efficiency of solving CMOPs. Zhong 𝑒𝑡 𝑎𝑙. [43] divided the evolu-

tionary stage into forward and backward stages in CEMTFB, each stage 

using different auxiliary populations. The auxiliary population in the 

forward stage ignores the constraints to promote the convergence of 

the population, and in the backward stage uses the reverse transporta-

tion strategy to approach the CPF from two complementary directions 

with the main population. Ming 𝑒𝑡 𝑎𝑙. [19] proposed a three-task frame-

work (CMOEMT) based on different CHTs in order to balance feasibility, 

convergence, and diversity. The main population and the auxiliary popu-

lations adopt the constraint dominance principle, the Pareto dominance 

principle, and the constraint relaxation principle, respectively. Yu 𝑒𝑡 𝑎𝑙.
[44] developed an evolutionary multitasking method, which uses the 

constraint subset to construct the auxiliary tasks. The tasks search their 

own CPF and then help the main population search for CPF. Qiao 𝑒𝑡 𝑎𝑙.
[45] used the promising single constraint to construct auxiliary tasks 

to help solve CMOP. The most promising auxiliary task is preserved 

based on the proposed auxiliary task priority method to save computing 

resources.

2.3. CMOEAs based on competitive multitasking

In the optimization process of EMT, it is necessary to find the op-

timal solution for each task, but tasks can not always provide useful 

information at all stages of evolution. Therefore, EMT will inevitably 

waste computing resources. CMT can dynamically select the optimal 

task for optimization during the evolution process, which solves this 

problem well. Li 𝑒𝑡 𝑎𝑙. [24] proposed the competitive multitasking op-

timization problems (CMTOPs) for the first time. Compared with EMT, 

the objectives of all its tasks are comparable, and its optimal solution is 

the best in the optimal solutions of each task. At the same time, they 

developed an algorithm with online resource allocation strategy and 

adaptive information transmission mechanism to solve CMTOPs. Chu 𝑒𝑡 

𝑎𝑙. [25] presented a competitive multitasking framework and integrated 

it into a decomposition-based framework (MOEAD-CMT). In addition, 

they designed a reward mechanism to allocate computing resources 

reasonably.

3. Proposed TCCMT 

3.1. Motivation

The existing CMOEAs usually use different constraint processing 

techniques [16,19] or construct different auxiliary populations [21,22] 

to assist the main population in order to achieve a balance between con-

vergence, feasibility, and diversity when solving CMOPs. Although these
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Fig. 1. Four positional relationships between CPF and UPF. Light green is the feasible region, and orange and blue lines represent CPF and UPF, respectively.

methods alleviate the drawback that it is difficult to achieve balance in a 

single population, multitasking parallelism will cause some unnecessary 

waste of computing resources. The dynamic resource allocation strat-

egy [38] can reasonably allocate limited computing resources to each 

population according to performance feedback, but this strategy relies 

too much on prior knowledge and parameter settings. All the tasks set 

in MOEAD-CMT [25] are compared, and none of the tasks is used as 

the main target of algorithm evolution. At this time, there is only one 

task playing a role, and it is relatively difficult to maintain convergence, 

feasibility, and diversity. Therefore, a more comprehensive framework 

needs to be designed to integrate the advantages of EMT and CMT. 

In addition, the construction of auxiliary tasks is particularly impor-

tant. Excellent auxiliary tasks can help the main population to quickly 

cross the infeasible regions, and can search for potential feasible regions 

to maintain diversity. Traditional auxiliary tasks often have an uncon-

strained auxiliary task, which can help the population converge quickly. 

However, if the unconstrained population searches for the UPF and the 

CPF and the UPF are far away from each other, the unconstrained aux-

iliary task will lose its effect and even have a negative impact [23,33]. 

As shown in Fig. 1, there are four cases of CPF and UPF in general: 

CPF and UPF are the same, CPF is part of UPF, CPF and UPF partially 

overlap and CPF, and UPF do not overlap, which correspond to (a), (b), 

(c), and (d), respectively. The relationship between CPF and UPF in the 

test problem is diverse, and the cases where CPF and UPF overlap are 

even rarer. This requires designing more effective unconstrained aux-

iliary tasks to solve this problem. There is a commonly used auxiliary 

task using constraint relaxation technology [22,37,46], which uses some 

high-quality infeasible solutions by relaxing the constraint boundary 

to maintain diversity. However, many of these auxiliary tasks directly 

adopt the same constraint handling technology and environmental selec-

tion strategy as the main task. This approach is obviously unreasonable. 

Because some strategies of the main population prefer feasibility, which 

leads to the deletion of some solutions with good diversity during the

evolution of the auxiliary population [39]. Therefore, some strategies 

suitable for auxiliary populations need to be introduced to maintain 

diversity.

In order to cope with these challenges, this paper proposes a tri-stage 

collaborative competition multitasking framework (TCCMT). Unlike 

EMT, only the dominant one of the auxiliary tasks co-evolves with the 

main task during the evolution. In different evolutionary stages, auxil-

iary task that plays the specific role assists the main task, which avoids 

the waste of resources caused by ineffective auxiliary tasks. The domi-

nant auxiliary task is determined based on its contribution to the main 

population, thus avoiding the parameter setting problem in dynamic re-

source allocation. Meanwhile, in order to prevent the defect that all tasks 

in MOEAD-CMT maintain a competitive relationship, the two auxiliary 

populations in TCCCMT guide the evolution of each other in the way of 

parent mixing during the evolution process, which achieves a collabora-

tive effect at the same time. In addition, the two auxiliary populations 

customize the constrained adaptive regression strategy and double an-

gle enhancement strategy, respectively, in order to solve the limitations 

of traditional auxiliary tasks. The constraint adaptive regression strat-

egy can dynamically control the constraint state of the unconstrained 

auxiliary population by the proportion of feasible solutions in the popu-

lation. Compared with the CMOEAs based on unconstrained population 

assistance, such as CCMO and CMEGL, even if the auxiliary population 

explores UPF, it can still guide the population to reverse explore from 

the infeasible side. This not only reduces the risk of negative knowl-

edge transfer, but also enhances the exploration ability of the auxiliary 

population. In order to effectively utilize the high-quality infeasible so-

lutions retained by the constraint relaxation technique, the double angle 

enhancement strategy adopts the angle-based dominance principle and 

angle-based environmental selection. Based on the traditional constraint 

relaxation technique to identify high-quality infeasible solutions, the 

proposed strategy can better preserve these solutions in the evolution 

process, which achieves the maintenance of diversity. Furthermore, the
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Algorithm 1 General framework of TCCMT.

Input: N (population size), MaxFE (maximum number of function eval-

uations), CP (parameter controlling the degree of parent cooperation), 

𝜂 (parameter controlling the evolutionary stage) 

Output: 𝑃 1 (main population) 

1: Initialize the populations 𝑃 1 

, HP 1 

, HP 2 

; 

2: FE = 3N; 
3: while FE < MaxFE do 

4: Calculate fitness of 𝑃1  

on the CMOPs; 

5: Calculate fitness of HP1  

using Algorithm 3;

6: Calculate fitness of HP2  

using Algorithm 4;

7: if FE < 𝜂 ∗ MaxFE then 

8: 𝑆𝑝 1 

= 𝑆𝑝 2 

= 0.5; /* The two auxiliary populations have the

same selection probability. */ 

9: else 

10: Update the selection probabilities using Eqs. (4) and (5); /* The

contribution value is mapped to the selection probability. */ 

11: end if 

12: Use roulette wheel method to determine 𝑡 = 1 or 2 based on

𝑆𝑝 1 and 𝑆𝑝  

 2 

; /* The auxiliary population with high selection 

probability is selected to execute the offspring generation. */

13: 𝑂1 ← Generate 𝑁∕2 offspring by 𝑃1  

;

14: for 𝑖 = 1 to 𝑁∕2 do 

15: if rand < CP then 

16: Matingpool ← Select parents from HP𝑡 ; /* The 𝑖-th parent 

comes from the dominant auxiliary population. */ 

17: else 

18: Matingpool ← Select parents from HP and ;𝑡  the other HP  

 

/*

The 𝑖-th parent comes from the two auxiliary populations. */ 

19: end if 

20: end for

21: 𝑂2 ← Generate 𝑁∕2 offspring from Matingpool; 

22: 𝑃1 ← 𝑃1 ∪ 𝑂1 ∪ 𝑂2 ;

23: 𝑃1 ← Select 𝑁 individuals from 𝑃1  

based on the strategy of SPEA2;

24: for 𝑗 = 1 to 2 do

25: HP𝑗 ← 𝐻𝑃𝑗  

∪ 𝑂1 ∪ 𝑂 2 

;

26: if 𝑗 == 1 then

27: HP𝑗 ← Select 𝑁 individuals from HP𝑗 based on the strategy 

of unconstrained environmental selection; 

28: else

29: HP𝑗 ← Select 𝑁 individuals from HP𝑗    

 

based on the strategy

of angle environmental selection; 

30: end if 

31: end for

32: 𝑃1 ← Select 𝑁 individuals from 𝑃1  

∪ 𝑂2  

using Algorithm 2;

33: FE = FE + N;

34: end while

algorithm is divided into three stages to implement different strategies, 

which can adapt to the exploration and exploitation needs of different 

periods. At different stages, the strategy of the auxiliary task is switched, 

which enhances the ability of the algorithm to deal with changing 

problems.

3.2. General framework of TCCMT

Algorithm 1 presents the general framework of TCCMT. At the same 

time, the process of TCCMT is visually shown in the Fig. 2. Firstly, 

three populations 𝑃 1 

, HP 1 

, and HP 2 

are initialized, which correspond

to the main task, the constraint adaptive regression task, and the dou-

ble angle constraint relaxation task, respectively (line 1). Three function 

evaluations are used for initialization, so the number of function eval-

uations (FE) is initialized to 3𝑁 (line 2). In each subsequent iteration, 

𝑁 offspring are generated. That means 𝑁 function evaluations are con-

sumed. When the current evaluation number of the population reaches 

the maximum function evaluation number (MaxFE), the cycle process 

ends. The fitness of each individual in the population is calculated at 

the beginning of each iteration (line 4). The fitness calculation methods 

of the two auxiliary populations are presented in Algorithms 3 and 4, 

respectively (lines 5–6). The first stage of the evolutionary process is 

conducted, when FE < 𝜂 ∗ MaxFE. Two auxiliary populations have a 

selection probability of 0.5, and the chances of selection for the domi-

nant auxiliary task and the main population co-evolving are equal (line 

8). Otherwise, it goes to the second stage, where the two auxiliary 

tasks determine the dominant auxiliary task based on how much it con-

tributes to the main population. The selection probability is calculated as 

follows:

Sp′
𝑡 =

Sp min
2 

+ (1 − Sp min 

) 

𝐶 𝑡
∑2

𝑖=1 𝐶 𝑖

, (4)

Sp 𝑡 =
Sp′

𝑡
∑2

𝑖=1 Sp 

′
𝑖

, (5)

where Sp min is the minimum selection probability of auxiliary tasks, and 

is set to 0.1. It is used to prevent the case that Sp 𝑡 

is calculated as 0. 

𝐶 𝑡 

represents the contribution generated in the previous iteration pro-

cess. Eq. (5) performs a normalization operation to control the selection 

probability between 0 and 1 (line 10). At the same time, the roulette 

selection method is used to fairly select the dominant auxiliary tasks 

according to the selection probability (line 12). The auxiliary popula-

tion with high selection probability is possible to be selected. After that, 

the main population uses genetic operators to generate 𝑁∕2 offspring 

𝑂 1 

(line 13). The dominant auxiliary population first generates a mat-

ing pool of size 𝑁∕2 based on the degree of parent collaboration (CP). 
The source of parents in the mating pool is determined by CP, where 

parents can be selected from the dominant population with some prob-

ability from another auxiliary population (lines 14–20). That is to say,

Fig. 2. An overview flowchart of TCCMT.
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Algorithm 2 Archive update.

Input: 𝑃 1 (main population), 𝑂 2 (offspring generated by the dominant 

auxiliary population), 𝑁 (population size) 

Output: 𝑃 1 

(updated main population), 𝑀 (number𝑡  of updated off-

spring)

1: 𝑃 ← 𝑃1 ∪ 𝑂 2;

2: 𝐹𝑖 ← Calculate the fitness for each solution in 𝑃 ;

3: 𝑆 ← Initialize the candidate solution set where 𝐹𝑖 < 1;
4: 𝐿 ← Count the number of candidate solutions;

5: if 𝐿 < 𝑁 then

6: Sort all solutions by 𝐹 𝑖;

7: 𝑃1 ← Select top 𝑁 solutions as next population; 

8: else if 𝐿 > 𝑁 then

9: 𝐾 ← Count 𝐿 − 𝑁 solutions to be removed;

10: 𝐷𝑖 ← Compute the Euclidean distance for each solution in 𝑆; 
11: while 𝐾 > 0 do 

12: Sort all solutions by 𝐷 𝑖 

; 

13: Remove the most crowded solution; 

14: 𝐾 ← 𝐾 − 1; 
15: Update 𝑆 and 𝐷 𝑖 

; 

16: end while

17: 𝑃1  

← 𝑆; 
18: end if

19: 𝑀 ←𝑡  Count the solutions retained by 𝑂 2 in 𝑃1 ;

CP ∗ 𝑁∕2 parents in the mating pool are from the dominant auxiliary 

population. Parents in the mating pool similarly generate 𝑁∕2 offspring 

𝑂 2 

using genetic operators (line 21). The offspring generated by the two 

populations are merged with 𝑃 1 to form a new 𝑃 1 (line 22), and the en-

vironmental selection strategy of SPEA2 [47] is used to select 𝑁 optimal 

individuals to be retained to the next generation (line 23). Similarly, all 

the offspring are merged with HP 1 

and HP 2 

to form new HP 1 

and HP 2 

, re-

spectively (line 25). The two auxiliary populations select the optimal 𝑁 

individuals in the population according to the unconstrained environ-

mental selection strategy and the angle-based environmental strategy 

to retain them to the next generation (lines 26–30). Subsequently, 𝑃 1 

and 𝑂 2 

are merged to select the 𝑁 optimal individuals again using

archive update strategy in Algorithm 2 to calculate the contribution 

of the offspring produced by the dominant auxiliary population to the 

main population (lines 32–33). Eventually, at the end of the iteration of 

the algorithm, the output main population 𝑃 1 

will be used as the final 

solution set.

The contribution of the auxiliary population is calculated by the 

Algorithm 2. Firstly, the main population 𝑃 1 

and the offspring generated 

by the auxiliary population 𝑂 2 are merged into archive 𝑃 (line 1). Then, 

the fitness 𝐹 𝑖 of all solutions is calculated, and solutions with 𝐹 𝑖 

< 1
are considered as candidate solution set 𝑆 (lines 2–3). If the number of 

candidate solutions 𝐿 is less than the population size 𝑁 , the solutions in 

𝑃 are sorted according to 𝐹 𝑖 

and the optimal 𝑁 are selected as the next 

population (lines 4–7). While 𝐿 > 𝑁 , the crowding degree 𝐷 𝑖 

is cal-

culated according to the Euclidean distance for selecting (lines 9–10). 

All solutions in 𝑆 are sorted according to 𝐷 𝑖 

, before each iteration. The

most crowded solution is filtered out, and 𝑆 and 𝐷 𝑖 

are updated until

the number of 𝑆 satisfies the population size (lines 11–16). The final 𝑆 

is regarded as the next population (line 17). Finally, the number of so-

lutions retained by 𝑂 2 

in the next population is counted as 𝑀 𝑡 

, and the

contribution value of the auxiliary population is calculated according to 

Eq. (6) (line 19):

𝐶 𝑡 

= 𝐶 𝑡 + 𝑀 𝑡∕𝑁, (6)

where 𝑀 𝑡 represents the number of individuals retained by 𝑂 2 

after the 

environmental selection.

3.3. Constrained adaptive regression task

Traditional unconstrained auxiliary tasks can be described as 

follows:

Minimize 𝐅(𝐱) = (𝑓 1 

(𝐱), 𝑓 2 

(𝐱),… , 𝑓 𝑚(𝐱)). (7)

The task only involves the optimization of the objective and will di-

rectly converge to the UPF. It has two main drawbacks. Firstly, the 

positional relationship between UPF and CPF is diverse. In most cases, 

the search for UPF in the late evolution can not provide effective infor-

mation for the main population. In addition, the solution searched by 

the task without considering constraints is obviously invalid. Secondly, 

unconstrained auxiliary tasks will converge faster than the main task 

since constraints are not considered. This makes it possible for the un-

constrained population to miss some small feasible regions during the 

search for feasible solutions, causing local optima of the algorithm.

In order to avoid these effects, the constraint adaptive regression task 

is set as follows:

Minimize 𝐅(𝐱) = (𝑓 1 

(𝐱), 𝑓 2 

(𝐱),… , 𝑓 𝑚 

(𝐱)),

s.t. 

{

𝑑 ∗ 𝑔 𝑖 

(𝐱) ≤ 0, 𝑖 = 1,… , 𝑝 

𝑑 ∗ ℎ 𝑗 

(𝐱) = 0, 𝑗 = 𝑝 + 1,… , 𝑞 

,
(8)

where 𝑑 is dynamically determined by the proportion of feasible solu-

tions and 𝛾, which is set to 0 or 1. The feasible solutions are determined 

by the Eq. (3). A solution 𝐱 is considered to be a feasible solution if 

and only if 𝐶𝑉 (𝐱) = 0. The proportion of feasible solutions is strictly 

calculated. Therefore, the constraint adaptive regression strategy is ef-

fective across all problem types, as the test problems all have the feasible 

regions. The specific implementation will be carried out through the cal-

culation of fitness. Algorithm 3 presents the pseudo-code for calculating 

the fitness of the constrained adaptive regression population. Firstly, 

the constraint violation degree of each individual in the population is 

calculated (lines 1–2). Then, the number of feasible solutions in the cur-

rent population is counted to obtain the proportion of feasible solutions 

(lines 3–4). The parameter 𝛾 is used to control the third stage of evolu-

tion. When FE < 𝛾 ∗ MaxFE, 𝑑 is set to 0. The dominance relationship 

between the two solutions is only determined by the objective value, and 

the constraint is ignored (line 6). When the evolutionary stage reaches 

the third stage, the dominance relationship between solutions is dynam-

ically determined by the proportion of feasible solutions in the current 

population. When the proportion of the feasible solution is small, 𝑑 is 

set to 1. Thus, the CDP is used to determine the dominance relationship

Algorithm 3 Calculate the fitness of HP1 .

Input: N (population size), HP1 (auxiliary population), 𝛾 (parameter 

controlling the evolutionary stage) 

Output: Fitness 2

1: CV ←𝑖  Calculate constraint violation degree for each individual;

2: 𝐶𝑉 𝑖 = max(0, 𝐶𝑉 𝑖 

); 
3: 𝑛𝑢𝑚 ← Count individuals with 𝐶𝑉 == 0; 
4: 𝑝 𝑓 

= 𝑛𝑢𝑚∕𝑁 ; 

5: if 𝑟𝑎𝑛𝑑 < 𝑝 𝑓 

or FE < 𝛾 ∗ MaxFE then

6: The dominance relationship between the two solutions is deter-

mined according to the objective value; 

7: else 

8: The dominance relationship between the two solutions is deter-

mined according to the CDP; 

9: end if 

10: 𝑅 𝑖 

← Calculate the number of other solutions dominated by each

solution; 

11: 𝐷 𝑖 

← Calculate the crowding distances of each solution; 

12: Fitness2  

= 𝑅 𝑖 

+ 𝐷 𝑖 

;
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Fig. 3. The distribution of unconstrained auxiliary population in the evolutionary process. The above three images correspond to TCCMT, and the following three 

represent EMCMO.

(line 8). When the proportion of feasible solutions is high, the domi-

nance relationship is the same as the first two stages. Finally, the fitness 

is obtained by calculating the number of other solutions dominated by 

each solution and the crowding distance (lines 10–12). Through such 

adaptive adjustment in the later stage, the use value of the auxiliary 

population can be effectively judged, and the strategy can be adjusted 

in time. In this way, the auxiliary population explores UPF. When the 

distance between CPF and UPF is far or the overlap is low, the auxiliary 

population can still explore back from the infeasible side again. Fig. 3 

shows the distribution of the unconstrained auxiliary populations of 

TCCMT and EMCMO in different evolutionary periods on the LIRCMOP7 

test problem. It can be seen that this traditional unconstrained auxil-

iary population of EMCMO will stagnate in the region after exploring to 

UPF. However, the proposed constrained adaptive regression population 

will explore back according to the current state of the population after 

arriving at UPF. This can enhance the exploration ability of the auxil-

iary population and provide valid information for the main population 

to explore CPF. At the same time, due to the competitive relationship 

between the two auxiliary tasks under the framework of collaborative 

competition, the auxiliary population will not converge quickly so that 

it can fully explore the search space, thus avoiding the risk of premature 

convergence.

3.4. Double angle constraint relaxation task

The constraint relaxation auxiliary task can be described as follows:

Minimize 𝐅(𝐱) = (𝑓 1 

(𝐱), 𝑓 2 

(𝐱),… , 𝑓 𝑚 

(𝐱)),
s.t. 𝐶𝑉 (𝐱) ≤ 𝜀 𝐺 

,
(9)

where 𝜀 𝐺 

is updated by Ref. [48]: 

𝜀 𝐺 

= 𝜀 0 

⋅ 

( 

1 − 𝐺
Gmax

) 

( − log(𝜀 0 

)−6
log(1−𝜌)

) 

, (10)

where 𝐺 denotes the current generation, Gmax represents the maximum 

number of generations, 𝜀 0 

is the initial maximum constraint violation 

degree, and 𝜌 is used to control the decreasing speed of 𝜀 𝐺 

, which is

set to 0.5. The auxiliary task adjusts the degree of constraint relaxation 

by dynamically adjusting the size of 𝜀 𝐺 

. When the constraint viola-

tion degree is less than 𝜀 𝐺, the solution can be regarded as a feasible 

solution. This allows the constrained relaxation population to explore 

a wider region and retain some valuable infeasible solutions. Most of 

these potentially valuable infeasible solutions are located around the 

feasible region, which can guide the main population to gradually con-

verge to the feasible region. In addition, the retained infeasible solutions 

can continue to explore new regions in the search space which in-

creases the diversity. Many researchers focus on how to control the 

change of 𝜀 𝐺, but ignore how to use these infeasible solutions. Their 

approach is often to use the same strategy as the main population to 

select the solution after searching for a promising infeasible solution. 

However, the strategy of the main population is mostly feasibility pri-

ority, which is bound to have a negative impact on the diversity of the 

population.

In order to alleviate this shortcoming, the proposed algorithm uses 

an angle-based dominance relationship in the auxiliary population with 

relaxed constraints to balance objectives and constraints. Similarly, the 

strategy is implemented in the calculation of fitness. The specific pseudo-

code is shown in Algorithm 4. Firstly, the values of 𝜀 𝐺 

and 𝜃 𝐺 

are updated 

using the Eqs. (10) and (11), respectively (lines 1–2):

𝜃 𝐺 

=

⎧

⎪

⎨

⎪

⎩

𝜃 0

(

1 + 

𝑘
Gmax

) 𝜆
, 1 ≤ 𝑘 ≤ 𝐺

𝜋 

2 , 𝐺 < 𝑘 ≤ Gmax
, (11)

where 𝜃 0 

is an initial threshold, 𝐺 = 𝛾 ∗ Gmax, 𝜆 is initialized to 

ln(𝜋∕(2𝜃 0))
ln(1+𝛾)

to ensure 𝜃 𝐺 

= 

𝜋
2 , when the evolution stage goes to the third stage. The

angle between each two solutions is calculated as follows [42] (line 3):

𝐴(𝐱 1, 𝐱 2, 

∗ ) = arccos   

(

(𝐅(𝐱 1) −  

∗ ) 

𝑇 ⋅ (𝐅(𝐱 2 

) −  

∗ )
‖𝐅(𝐱 1 

) −  

∗ 

‖ ⋅ ‖𝐅(𝐱 2 

) −  

∗ 

‖ 

) 

, (12)

∗where ∗
 = (∗, ,… ,∗

1 2  ) 

∗is an ideal point, and  = min{𝑚 𝑖  𝑓𝑖  

(𝐱)|𝐱 ∈ 

}. In the two-dimensional objective space, the angle between any two
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Algorithm 4 Calculate the fitness of HP 2 

.

Input: N (population size), 𝐻𝑃 2 

(auxiliary population)

Output: 𝐹 𝑖𝑡𝑛𝑒𝑠𝑠 3

1: 𝜀𝐺 ← Update using Eq. (10);

2: 𝜃𝐺 ← Update using Eq. (11);

3: 𝐴 ← Calculate the angle between two individuals using Eq. (12); 

4: 𝐶𝑉𝑖  

𝐶𝑉𝑖  

= max(𝜀 𝐺 

, 𝐶𝑉 𝑖); 
← Calculate constraint violation degree for each individual; 

5: 

6: for 𝑖 = 1 to 𝑁 − 1 do 

7: for 𝑗 = 𝑖 + 1 to 𝑁 do 

8: if (𝐶𝑉 𝑖 = 𝐶𝑉 )𝑗  == 0 then

9: The dominance relationship between the two solutions is

determined according to the objective value; 

10: else 

11: if 𝐴 < 𝜃 𝐺 

then 

12: The dominance relationship between the two solutions is

determined according to constraint violation degree; 

13: else 

14: The dominance relationship between the two solutions is

determined according to the objective value; 

15: end if 

16: end if 

17: end for 

18: end for 

19: 𝑅 𝑖 

← Calculate the number of other solutions dominated by each

solution;

20: 𝐷𝑖 ← Calculate the crowding distances of each solution; 

21: Fitness3 = 𝑅𝑖 + 𝐷 𝑖 

;

Fig. 4. Illustration of the double angle enhanced strategy. Light green is the

feasible region, dark blue circles are the solutions, light red circle denotes the

ideal point  

∗, and the orange line represents CPF.

solutions is calculated by Eq. (12). Similarly, the angle between any 

two solutions can be calculated in the three-dimensional or higher-

dimensional objective space. Therefore, the angle-based dominance 

relationship can work in any case.

The value of 𝜀 𝐺 

will gradually decrease with the increase of evolu-

tionary generations, making the degree of constraint relaxation smaller.

The value of 𝜃 will gradually increase and be equal to 

𝜋
2 after the third

stage. Afterwards, the constraint violation degree is calculated for each 

individual and the solutions with constraint violation degree less than

𝜀 𝐺 

are considered as feasible solutions (lines 4–5). For any two solu-

tions in the population, if both are feasible solutions, the dominance 

relation is determined based on the objective value (line 9). Otherwise, 

the priority of the constraint and the objective is determined accord-

ing to the angle between the two solutions. When the angle between 

the two solutions is less than 𝜃, the dominance relationship between the 

two solutions is determined by the constraint violation degree (line 12). 

On the contrary, the dominance relationship is determined by the objec-

tive value (line 14). As shown in the Fig. 4, when the angle 𝜃 2 

between 

D and E is less than 𝜃, D is dominated by E. But when the angle 𝜃 1 

be-

tween A and D is greater than 𝜃, D dominates A. Since the angle between

any two solutions is never greater than 

𝜋 

2 , the angle-based dominance

relationship is transformed into a CDP in the third stage. Therefore, 

in the later stage of evolution, the constrained relaxation population 

can provide sufficient convergence pressure for the main population. 

Finally, the number of other solutions dominated by each solution and 

the crowding distance are calculated to obtain the fitness (lines 19–21). 

In addition, we use an angle-based environmental selection strategy to 

update the constrained relaxation population during evolution. In the 

process of angle-based environmental selection, the angle between each 

two solutions is calculated. When selecting the individuals that need to 

be deleted, the algorithm will start from the two solutions of the mini-

mum sharing angle to compare and delete the solutions with poor fitness. 

Finally, the algorithm will continue to find the next minimum angle 

and repeat the process until all individuals are selected. This strategy 

of combining two kinds of angle information effectively guarantees the 

diversity of solutions provided by the constrained relaxation auxiliary 

population.

3.5. Computational complexity analysis

The computational complexity of TCCMT mainly includes the mat-

ing selection, the offspring generation, the environmental selection in 

Algorithm 1 and the fitness calculation in Algorithms 3 and 4. The com-

putational complexity of mating selection is generated when the main 

population and auxiliary population select the matingpool, and the run-

time is 2 ∗ 𝑂(𝑁∕2) = 𝑂(𝑁). The part of offspring generation is that 

𝑁∕2 offspring are generated by the main population and the dominant 

auxiliary population, and the runtime is 2 ∗ 𝑂(𝑛 ∗ 𝑁∕2) = 𝑂(𝑛𝑁). 
The environmental selection in TCCMT is mainly determined by the 

SPEA2 used. All the population perform environmental selection oper-

ation in each iteration. Thus, the runtime is 3 ∗ 𝑂(𝑚𝑁 

2 ). The fitness 

calculation in Algorithms 3 and 4 involves the Pareto dominance opera-

tion and constrained Pareto dominance operation, and their runtime are 

𝑂(𝑚𝑁 

2 ) and 𝑂((𝑚 + 1)𝑁 

2 ), respectively. Therefore, the computational 

complexity of the proposed TCCMT is 𝑂(𝑁) + 𝑂(𝑛𝑁) + 3 ∗ 𝑂(𝑚𝑁 

2 ) + 

𝑂(𝑚𝑁 

2 ) + 𝑂((𝑚 + 1)𝑁 

2 ) = 𝑂(𝑚𝑁 

2 ), which is the same as many existing 

CMOEAs [19,49].

4. Experiment 

4.1. Experiment setting 

4.1.1. Compared algorithms

In order to verify the performance of TCCMT, nine excellent algo-

rithms are selected for comparison: CCMO [34], cDPEA [37], BiCo [35], 

EMCMO [21], CMEGL [23], MTCMO [22], DEST [39], SC_EMT [44], and 

CSEMT [45]. CCMO, cDPEA, BiCo, EMCMO, and MTCMO all construct 

two populations to collaborate. The unconstrained auxiliary population 

and the main population in CCMO adopt a weak co-evolution paradigm. 

The auxiliary population in cDPEA applies the CHT of the adaptive 

penalty function to use the promising infeasible solutions between UPF 

and CPF to promote convergence. The two populations in BiCo approach 

the CPF from the feasible and infeasible sides of the search space, re-

spectively. EMCMO uses an evolutionary multitasking framework to 

simultaneously evolve two populations, and designs a tentative method
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between the two populations to discover useful knowledge for trans-

fer. MTCMO constructs an auxiliary task whose constraint boundary 

will gradually shrink, so that it maintains a high correlation with the 

main task and continuously provides a supplementary evolutionary di-

rection. CMEGL uses three populations to co-evolve, and two auxiliary 

populations are used to enhance global diversity and local diversity, re-

spectively. Both SC_EMT and CSEMT construct multiple auxiliary tasks. 

SC_EMT develops a constraint subsets-based evolutionary multitasking 

method. Each auxiliary task has different constraint subsets. CSEMT 

designs an auxiliary task priority method to identify promising single 

constraint and use them to help solve CMOPs. DEST is a CMOEA based 

on the decomposition framework, which develops a tri-stage frame-

work with three different evolutionary stages to enhance individual 

diversity.

These algorithms are excellent methods mentioned in the previous 

literature in Section 2. CCMO, cDPEA, BiCo, EMCMO and MTCMO 

are CMOEAs based on EMT with two populations. CMEGL, SC_EMT 

and CSEMT are CMOEAs based on EMT with multiple populations. 

By comparing with these algorithms based on the EMT framework, it 

can demonstrate the rational use of computing resources by the col-

laborative competition framework. CCMO and EMCMO are CMOEAs 

based on unconstrained population assistance, which verify the en-

hancement effect of the constrained adaptive regression strategy on 

population exploration ability. cDPEA, CMEGL and MTCMO use con-

straint relaxation techniques to exploit high-quality infeasible solu-

tions, and DEST uses the diversity-enhanced tri-stage framework to 

improve diversity. They can compare with the proposed double an-

gle constraint relaxation strategy to confirm the advantages in main-

taining population diversity. In addition, the ablation experiment 

is carried out to prove the effectiveness of the proposed methods 

in Section 4.4.

4.1.2. Benchmark problems

Three typical test suites CF [50], LIRCMOP [51], and DASCMOP 

[52] are selected to comprehensively test TCCMT. CF test suite has a 

total of 10 test problems. They all have the characteristics of large fea-

sible region, but the CPF of most problems is located at the constraint 

boundary. This poses a great challenge to the convergence of the algo-

rithm. In addition, CF8-10 contains three objective functions, making 

it more difficult to find CPF. LIRCMOP test suite contains 14 test prob-

lems. The constraint function in each test problem is jointly controlled 

by the distance function and the shape function. The distance func-

tion can adjust the difficulty of convergence, and the shape function 

is used to control the concave and convex shape of CPF. The superposi-

tion of shape and distance functions not only increases the complexity 

of the test problem, but also enhances its scalability, making the test 

problem more flexible. DASCMOP test suite consists of 9 test problems 

with extensible objective functions, and the difficulty of each problem 

is controlled by three tuples. Each parameter of the tuple corresponds 

to a difficulty level, and constraints of multiple difficulty levels can be 

generated by combining different constraint functions. LIRCMOP and 

DASCMOP test suites are easy to fall into local optima because of the 

difficulty of test problems and the large infeasible region. Therefore, 

these three test suites can deeply verify the performance of the proposed 

algorithm.

4.1.3. Experimental environment

The experiments are carried out on the PlatEMO v4.7 platform [53] 

in MATLAB (2022 b). The experimental running environment is Intel (R) 

Core (TM) i7-10700 CPU @ 2.90 GHz processor, 16 GB RAM, Windows 

11 Professional operating system. For a fair comparison, the overall size 

(𝑁 ) of all algorithms is set to 100, and the maximum number of eval-

uations (MaxFE) of the function is set to 80,000. We set the number of 

runs of each algorithm to 24 times. In addition, the parameters of all

algorithms are the same as those suggested in the original text. The pa-

rameters in the proposed algorithm are 𝜂 = 0.3, CP = 0.6, 𝛾 = 0.8, and 

the specific analysis will be presented in Section 4.5.

4.1.4. Performance indicators

In order to better evaluate the advantages and disadvantages of the 

ten comparison algorithms, three performance indicators are selected: 

inverse generation distance plus (IGD+), hypervolume (HV) and feasi-

ble rate (FR). IGD+ is an indicator based on IGD improvement, which 

reflects the quality of the solution set by measuring the Euclidean dis-

tance between the solution set found by an algorithm and the true Pareto 

front (PF). The IGD+ is calculated as follows [54]:

IGD+(𝑃 

∗ ,𝐒) = 

1
|𝑃 

∗ 

|

∑

𝑦 

∗ ∈𝑃 ∗ 

min 

𝑠∈𝐒
𝑑 

+ (𝑦 

∗ , 𝑠), (13)

where 𝑃 

∗ represents the true PF. S denotes the optimal solution set 

obtained by the algorithm. 𝑑 

+ (𝑦 

∗ , 𝑠) is calculated as follows:

𝑑 

+ (𝑦 

∗ , 𝑠) =

√

√

√

√

𝑚
∑ 

𝑖=1
(max{𝑠 𝑖 − 𝑦∗𝑖 , 0}) 

2 , (14)

where 𝑚 is the dimension of the objective space. It can be seen that the 

calculation of IGD+ depends on the choice of the true PF. In some cases, 

IGD+ may not be able to effectively distinguish similar solutions near 

the true PF, and thus can not reflect the actual diversity of the solution 

set. Therefore, HV is used to fill this gap. HV evaluates the performance 

of the algorithm by calculating the volume of the hypercube surrounded 

by the solutions in the PF and the reference points. The HV is calculated 

as follows [55]:

HV(𝐒) = Λ({𝑞 ∈ R 

𝑚 ∣ ∃𝑠 ∈ 𝐒 ∶ 𝑠 ≤ 𝑞 and 𝑞 ≤ 𝑟}), (15)

where Λ(⋅) denotes the Lebesgue measure and 𝑟 is a fixed reference point 

defined in the objective space R 

𝑚 . It is evident that a lower value of 

IGD+ corresponds to improved algorithm performance, and a higher 

value of HV indicates an enhanced quality of the solution set searched 

by the algorithm. Therefore, these two indicators can be used to com-

prehensively evaluate the performance of the algorithms. Furthermore, 

FR is introduced to evaluate the feasibility of the solution set obtained 

by the algorithm. It represents the proportion of solutions satisfying all 

constraints in the population, which is calculated as follows:

FR(S) = 

1
𝑁

𝑁
∑ 

𝑖=1
𝛿 𝑖 

, (16)

where 𝑁 represents the size of population, and 𝛿 𝑖 

is calculated as

follows:

𝛿 𝑖 = 

{

1, 𝐶𝑉 (𝐱 i 

) ≤ 0
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

, (17)

where 𝐶𝑉 (𝐱 i 

) denotes the constraint violation degree of the i-th indi-

vidual in the population. Thus, the closer FR is to 1, the more feasible 

solutions in the population.

4.2. Comparative results

Tables 1 and 2 show the average and standard deviation of the IGD+ 

and HV values obtained by the proposed TCCMT and the nine compar-

ison algorithms. Table 3 shows the FR of the final solution set obtained 

by all algorithms. The Wilcoxon rank sum test [56] with a significance 

level of 0.05 is used to analyze these results. All algorithms run indepen-

dently 24 times on each test problem. Therefore, the test can determine 

whether the results in multiple independent runs are from the same dis-

tribution. The results are based on the rank comparison of independent 

samples to show whether there are significant differences between the

Applied Soft Computing 185 (2025) 113900 

9 



X. Feng, Q. Dang, X. Gao et al.

Table 1 

IGD+ results of ten comparison algorithms on CF, LIRCMOP, and DASCMOP test suites.

algorithms. The symbols “+” and “−” in the table represent that the 

performance of the comparison algorithm is significantly better than 

and worse than TCCMT. The symbol “=” denotes no significant dif-

ference between the comparison algorithms. The best results for each 

test problem have been highlighted in bold and blue in Tables 1 and 

2. Table 3 highlights the results where the feasible solutions are not 

completely found in bold and gray. It can be seen from Table 1 that 

TCCMT is superior to CCMO, cDPEA, BiCo, EMCMO, CMEGL, MTCMO, 

DEST, SC_EMT, and CSEMT in the IGD+ indicator on 22, 28, 30, 25, 

25, 27, 27, 26, and 26 test problems, respectively. Similarly, Table 2 

shows that TCCMT outperforms these comparison algorithms on 22, 27, 

30, 25, 24, 27, 27, 27, 25, and 27 test problems on the HV indica-

tor, respectively. Table 3 indicates that TCCMT finds feasible solution 

set for all problems. In general, the proposed TCCMT is far superior to

other algorithms in both IGD+ and HV indicators and exhibits perfect 

feasibility.

4.2.1. Results for CF

In the CF test suite, TCCMT achieves the best IGD+ results on 9 

test problems and the best HV results on 8 test problems. It is ap-

proximately equal to the dominant algorithm on other problems that 

have not achieved the best results, which shows the excellent perfor-

mance of TCCMT on the CF test suite. As shown in Fig. 5, it illustrates 

the distribution of the solutions obtained by the ten comparison algo-

rithms on CF2. It is easy to see that the proposed TCCMT converges 

well and is most evenly distributed on the CPF. Due to the introduc-

tion of a highly complex variable coupling relationship in the CF test 

suite, it brings great challenges to the convergence of the algorithm.
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Table 2 

HV results of ten comparison algorithms on CF, LIRCMOP, and DASCMOP test suites.

In addition, the CPFs of most test problems in the CF test suite are 

located at the constraint boundary (CF4-7) or part of the UPF (CF1-3 

and CF8-10). However, many of the comparison algorithms construct 

auxiliary tasks to approach UPF (CCMO, EMCMO, and CMEGL) or use 

the potential infeasible solutions between UPF and CPF (cDPEA, BiCo, 

MTCMO, and SC_EMT), which obviously does not help the convergence 

of the algorithm. The two auxiliary populations in the TCCMT explore 

the diversity sufficiently in the first two stages by means of cooperative 

competition. Meantime, the similarity among the two auxiliary tasks 

and the main task is high in the later stage of evolution, which can 

provide a strong and effective convergence pressure for the algorithm. 

Therefore, TCCMT achieves a remarkable advantage on the CF test 

suite.

4.2.2. Results for LIRCMOP

On the 14 test problems of LIRCMOP, TCCMT only performs poorly 

on the two problems of LIRCMOP13 and LIRCMOP14, but it is signifi-

cantly better than the comparison algorithms on all other problems. In 

order to better illustrate the good performance of TCCMT, LIRCMOP6 

is selected to show the distribution of the solutions obtained by the ten 

comparison algorithms. It can be seen from the Fig. 6 that only the so-

lution obtained by TCCMT searches for CPF and is well distributed. On 

the LIRCMOP1-4 test problems, due to the constraints, their feasible re-

gions are relatively narrow and difficult to search. Therefore, this type of 

test problem requires the algorithm to have a certain ability to explore 

diversity. With the diversity-enhanced framework, DEST shows some ad-

vantages on LIRCMOP1-4. cDPEA, MTCMO and other algorithms obtain
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Table 3 

FR results of ten comparison algorithms on CF, LIRCMOP, and DASCMOP test suites.

Fig. 5. The distribution of the main population formed by ten comparison algorithms on CF2. Light green is the feasible region, and orange and blue lines represent 

CPF and UPF, respectively. The teal blue circles refer to the population.

better results by using the information of infeasible solutions between 

UPF and CPF to maintain a certain diversity. However, TCCMT per-

forms best in maintaining diversity, which is fundamentally due to the 

important role played by the double angle constraint relaxation auxiliary 

task. The UPF and CPF of LIRCMOP5 and LIRCMOP6 are overlapped, so 

the algorithms using UPF information such as CCMO and EMCMO have 

achieved good results. However, these algorithms are not fully exploited 

for diversity, resulting in incomplete CPF search. Because of the com-

petitive relationship between the two auxiliary tasks, TCCMT can use 

another more valuable auxiliary task after searching for UPF to better 

find CPF. The UPF and CPF of LIRCMOP9-10 are partially overlapped, 

which is similar to the case of LIRCMOP5-6, but requires stronger ex-

ploration ability to identify CPF. In LIRCMOP7-8, CPF is blocked by a 

large number of infeasible regions, and the distance between CPF and 

UPF is far. The feasible regions of CPF in LIRCMOP11-12 are isolated 

from each other, and CPF is located at the constraint boundary. Both of

these two types of test problems need to cross large infeasible regions 

and achieve balance in diversity and convergence. Many comparison 

algorithms can only achieve one point, so they are obviously insuf-

ficient compared with TCCMT. LIRCMOP13-14 are all three-objective 

high-dimensional complex problems. The proposed TCCMT on these two 

problems is not dominant, but SC_EMT and CSEMT perform well. This 

is mainly because their auxiliary tasks only consider a single constraint 

or partial constraint when considering constraints, which can quickly 

converge.

4.2.3. Results for DASCMOP

On the DASCMOP test suite, TCCMT achieves the best results on 7 

test problems. Especially on DASCMOP1-3, the proposed TCCMT is sig-

nificantly better than all the comparison algorithms. The difficulty tuples 

of the three problems of DASCMOP1-3 are the same, and the feasible
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Fig. 6. The distribution of the main population formed by ten comparison algorithms on LIRCMOP6. Light green is the feasible region, and orange and blue lines 

represent CPF and UPF, respectively. The teal blue circles refer to the population.

Fig. 7. The distribution of the main population formed by ten comparison algorithms on DASCMOP9. Light green is the feasible region, and orange and blue lines 

represent CPF and UPF, respectively. The teal blue circles refer to the population.

region is divided into shapes of different sizes by large infeasible re-

gions. Unconstrained auxiliary tasks constructed by many algorithms 

will quickly approach UPF, thus missing the exploration of some small 

feasible regions. This has led to local optima in many comparison al-

gorithms. The proposed TCCMT will select the best auxiliary task to 

co-evolve according to the degree of contribution in the process of evo-

lution, and the constrained adaptive regression task in the third stage 

will adaptively select the constraint.

Therefore, the population can fully explore the feasible region and 

reduce the risk of local optima. DASCMOP4-6 uses the same constraint 

function, and many algorithms can easily find CPF with the help of 

unconstrained auxiliary population. However, compared with other al-

gorithms, the double angle constraint relaxation auxiliary task can help 

the main population obtain better distribution on CPF in the later 

stage. DASCMOP7-9 has three objectives and the same constraint func-

tion as well. TCCMT is still ahead of many comparison algorithms on 

these three issues. DASCMOP9 is selected to show the distribution of 

the solutions obtained by the ten comparison algorithms. It can be 

clearly seen from the Fig. 7 that the solution distribution obtained by 

TCCMT is the best, which intuitively shows the good diversity of the 

algorithm.

4.3. Statistics results

In order to show the advantages of the TCCMT, the data of 

Tables 1 and 2 are imported into KEEL [57] software for the Wilcoxon 

signed-ranks test and Friedman aligned test. Wilcoxon signed-ranks test 

is used to test the statistically significant difference of the performance 

indicators obtained by the TCCMT and each comparison algorithm on 

the same test problem. Tables 4 and 5 show the results of the Wilcoxon 

test on IGD+ and HV indicators, respectively. A larger difference be-

tween 𝑅 

+ and 𝑅 

− in the table represents a more pronounced distinction 

between the proposed TCCMT and nine comparison algorithms. It can 

be seen from the table that the difference between every comparison al-

gorithm and TCCMT is significantly large. At the same time, the exact 

𝑝-value in the comparison results is less than 0.05. These fully demon-

strate the remarkable advantages of TCCMT. Friedman aligned test uses 

ranks to evaluate whether there is a statistically significant difference in 

the overall performance of the algorithms on all test suites. It can be seen 

from the Figs. 8 and 9 that TCCMT has achieved the best rank in both 

IGD+ and HV results. This shows that the performance of the algorithm 

is significantly better than the comparison algorithms. In conclusion, the 

Wilcoxon signed-ranks test confirms the general significant advantages
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Table 4 

IGD+ results obtained by the Wilcoxon test for TCCMT.

TCCMT VS 𝑅 

+ 𝑅 

− Exact 𝑝-value Asymptotic 𝑝-value

CCMO 512.0 16.0 7.8700e−8 0.000003

cDPEA 544.0 17.0 4.8200e−8 0.000002

BiCo 561.0 0.0 2.328e−10 0.000001

EMCMO 542.0 19.0 7.1480e−8 0.000003

CMEGL 540.0 21.0 1.0408e−7 0.000003

MTCMO 559.5 1.5 5.820e−10 0.000001

DEST 543.0 18.0 5.8900e−8 0.000003

SC_EMT 514.0 14.0 5.1220e−8 0.000003

CSEMT 503.0 25.0 4.2100e−7 0.000008

Table 5 

HV results obtained by the Wilcoxon test for TCCMT.

TCCMT VS 𝑅 

+ 𝑅 

− Exact 𝑝-value Asymptotic 𝑝-value

CCMO 506.0 22.0 2.4960e−7 0.000004

cDPEA 541.5 19.5 7.8930e−8 0.000003

BiCo 561.0 0.0 2.328e−10 0.000001

EMCMO 507.0 21.0 2.0820e−7 0.000005

CMEGL 540.5 20.5 9.5230e−8 0.000003

MTCMO 559.5 1.5 5.820e−10 0.000001

DEST 543.0 18.0 5.8900e−8 0.000002

SC_EMT 511.5 16.5 8.7550e−8 0.000004

CSEMT 508.5 19.5 1.5786e−7 0.000004

of the proposed algorithm in each test problem. The Friedman aligned 

test establishes the leading position of TCCMT in the overall comparison 

of all algorithms. Therefore, the two statistical test results are consistent 

and fully confirm the statistically significant advantages of the proposed 

TCCMT.

4.4. Ablation study

The proposed TCCMT is studied to verify the effectiveness of each 

part. We mainly test the stage control, the collaborative competition 

framework, and the improvement of the auxiliary task. Seven vari-

ants are constructed: TCCMT_b1, TCCMT_b2, TCCMT_b3, TCCMT_b4, 

TCCMT_b5, TCCMT_b6, and TCCMT_b7. These variants are compared 

with TCCMT using the same test suite. The summary of the experimen-

tal results and the Wilcoxon test is presented in Tables 6 and 7. In order 

to show the results intuitively, 6 test problems are selected to draw the 

IGD+ convergence curve, which are presented in Fig. 10. TCCMT_b1, 

TCCMT_b2, and TCCMT_b3 are the verification of the effectiveness of 

the stage control in the evolutionary process. TCCMT_b1 does not have 

the first stage during the evolution. TCCMT_b2 and TCCMT_b3 do not 

have the second and third stages, respectively. The results show that the 

lack of any kind of stage control will lead to a decline in the perfor-

mance of the algorithm. In the process of evolution, the population will 

focus on different adaptive characteristics and optimization objectives. 

Therefore, it is necessary to control the evolution stage of the algorithm

to implement different strategies. In the next section, we will analyze 

the parameters of stage control. TCCMT_b4 and TCCMT_b5 explore the 

effectiveness of the proposed collaborative competition framework. In 

TCCMT_b4, there is only competition between two auxiliary tasks. This 

means the two auxiliary tasks do not collaborate through parent mixing. 

However, this makes TCCMT_b4 perform poorly on some test problems, 

which confirms the value of collaborative competition. The algorithm 

in TCCMT_b5 does not use the framework of collaborative competition, 

and simultaneously evolves three populations similar to EMT. But from 

the results, the effect decreased significantly. The variants TCCMT_b6 

and TCCMT_b7 mainly verify the strategy of the auxiliary task. In 

TCCMT_b6, the auxiliary task HP 1 

does not adopt the strategy of con-

strained adaptive regression. While the auxiliary task HP 2 

in TCCMT_b7 

does not use the double angle enhancement strategy, the results show 

that the proposed TCCMT can adapt to more problems and make break-

throughs in some difficult problems by using the improved auxiliary 

tasks.

In the EMT framework, all auxiliary tasks perform knowledge trans-

fer with the main task. This not only carries the risk of negative 

knowledge transfer, but also causes a waste of computing resources. In 

the proposed collaborative competition multitasking framework, only 

the dominant auxiliary task can be selected to co-evolve with the main 

task. The judgment of the dominant auxiliary task is based on its contri-

bution to the main population. It is measured by the number of solutions 

generated by the auxiliary task remaining in the main population after 

being filtered by Algorithm 2. During the archive update, the poor fit-

ness and the most crowded solutions are deleted. Therefore, the retained 

knowledge has good convergence and diversity, which is beneficial to 

the main population. Eventually, the auxiliary population containing 

more useful knowledge is selected to co-evolve with the main pop-

ulation, which effectively avoids the negative knowledge transfer. In 

addition, the adaptive adjustment strategy of the auxiliary tasks in the 

later stage of evolution can maintain a high degree of similarity with 

the main task. The generated solution avoids the goal conflict with the 

main task from the source, which can reduce the possibility of negative 

knowledge transfer. The auxiliary task has stronger exploration ability, 

which can provide more useful information. The retained high-quality 

solutions can help the main population maintain diversity and avoid 

falling into local optimum. Therefore, TCCMT performs better than the 

variants.

Although the proposed framework improves the performance of the 

algorithm and reduces the negative knowledge transfer, the dynamic 

switching between auxiliary tasks may lead to the risk of unstable knowl-

edge transfer. When the auxiliary task over-optimizes the objectives 

unrelated to the main task, the generated solutions may interfere with 

the evolution direction of the main population. Especially in the prob-

lem of fragmented feasible region, the infeasible solutions with superior 

objective value are easy to mislead the main population to cross the 

feasible boundary. In addition, the mechanism of evaluating the ad-

vantage of auxiliary tasks only based on contribution is slightly single.

Fig. 8. The box plots of average IGD+ rank obtained by the Friedman test.
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Fig. 9. The box plots of average HV rank obtained by the Friedman test.

Table 6 

The summary of IGD+ results and the Wilcoxon test for ablation study.

TCCMT VS +/−/= 𝑅 

+ 𝑅 

− Exact 𝑝-value Asymptotic 𝑝-value

TCCMT_b1 0/4/29 333.5 227.5 ≥ 0.2 0.339108

TCCMT_b2 0/11/22 512.0 16.0 7.870e−8 0.000003

TCCMT_b3 0/15/18 513.0 48.0 5.628e−6 0.000031

TCCMT_b4 0/9/24 432.0 129.0 5.826e−3 0.006609

TCCMT_b5 0/14/19 384.0 177.0 6.522e−3 0.063133

TCCMT_b6 0/8/25 438.0 90.0 7.132e−4 0.001073

TCCMT_b7 0/6/27 335.5 225.5 ≥ 0.2 0.320279

Table 7 

The summary of HV results and the Wilcoxon test for ablation study.

TCCMT VS +/−/= 𝑅 

+ 𝑅 

− Exact 𝑝-value Asymptotic 𝑝-value

TCCMT_b1 1/3/29 330.5 230.5 ≥ 0.2 0.348276

TCCMT_b2 0/12/21 523.5 37.5 1.4332e−6 0.000002

TCCMT_b3 1/16/16 492.0 36.0 2.3120e−6 0.000014

TCCMT_b4 0/9/24 386.0 142.0 2.1620e−2 0.014984

TCCMT_b5 2/12/19 406.0 155.0 2.4120e−2 0.016072

TCCMT_b6 0/8/25 423.5 104.5 2.1500e−3 0.001485

TCCMT_b7 0/5/28 295.5 232.5 ≥ 0.2 0.499192

Other potential values contained in auxiliary tasks have not been consid-

ered, such as high-quality infeasible solutions, convergence speed and 

exploration ability.

4.5. Parameter analysis

The proposed TCCMT has three hyperparameters: the degree of col-

laboration CP, stage control parameters 𝜂 and 𝛾. These three parameters 

do not affect each other, so they are analyzed separately. A total of 

fourteen variants are set up with different parameter settings. The ex-

perimental results are tested using Friedman to obtain the rank of each 

parameter, which is shown in Fig. 11. For CP, we construct five vari-

ants, CP ={0.5, 0.6, 0.7, 0.8, 0.9}. Obviously, a smaller value of CP is 

associated with a greater degree of collaboration. It can be seen from 

the results that with the increase of CP, the performance of the algo-

rithm is significantly worse. When it increases to the maximum value 

of 1, it corresponds to the variant without collaboration in the previous 

section. When the CP is too small, the performance of the algorithm will 

decrease. This may be because the degree of cooperation is too high, 

which disturbs the evolutionary direction of the normal task. The phase 

control parameter 𝜂 is mainly used to control the competitive state of 

two tasks in the evolutionary phase, and five variants 𝜂 ={0.1, 0.2, 0.3, 
0.4, 0.5} are set for the compared study. The algorithm needs to fully ex-

plore the search space in the early evolution process to ensure diversity 

and avoid premature convergence. Therefore, when 𝜂 is set too small, the 

performance of the algorithm is significantly reduced. Since the control 

parameters of the two stages jointly determine the entire evolutionary

stage, only four variants of 𝛾 are set, 𝛾 ={0.6, 0.7, 0.8, 0.9}. In the later 

stage of evolution, the algorithm needs to ensure sufficient convergence 

driving force to improve the quality of the solution and achieve the con-

vergence of the global optimal solution. Therefore, when 𝜂 = 0.9, the 

auxiliary task does not transform the strategy in time, and the effect of 

the algorithm is significantly worse. According to the results shown in 

Fig. 11, CP = 0.6, 𝜂 = 0.3, and 𝛾 = 0.8 is a set of parameter settings that 

make the algorithm achieve the best results.

The above analysis shows that the tri-stage design can dynamically 

adjust the strategies to effectively balance exploration and exploitation, 

which improves the performance of TCCMT. However, the parameters of 

stage control are fixed and need to be preset in advance, which brings 

some limitations. Firstly, when the number of function evaluations is 

strictly limited, the allocation of fixed stage runtime may lead to the 

lack of resources in the critical stage. Due to the limitation of comput-

ing resources, it is difficult to achieve the optimal in each stage. If the 

allocation is insufficient in the early exploration stage, it is difficult for 

the population to fully explore the search space, which increases the 

risk of falling into local optimum. While the allocation of the later de-

velopment stage is insufficient, the convergence of population can not 

be guaranteed, which decreases the quality of the solution set. Secondly, 

the structure of the feasible region and the conflict intensity of objective 

function in different test problems are significantly different, resulting in 

different evolution time required for each stage. Therefore, fixed param-

eters cannot adapt to all problems. More importantly, fixed parameters 

lack the ability to respond to the dynamic state of the population. When 

encountering complex problems with high constraints, if the proportion 

of feasible solutions plummets or the diversity declines sharply, the al-

gorithm cannot adjust the stage strategy independently to cope with 

unexpected challenges. In addition, the fixed parameters require a large 

number of experiments in advance to determine the best parameter. The 

performance of the algorithm is highly sensitive to the parameters of the 

stage switching, and small parameter changes may lead to significant 

fluctuations in the quality of the solution. Therefore, it is difficult to se-

lect the appropriate parameters for the algorithm under the limitation 

of the application scenario of the real-world engineering problems. In 

summary, the tri-stage design can certainly improve the performance of 

the algorithm, but an adaptive stage transition mechanism is urgently 

needed to deal with these limitations.

4.6. Practical application

When solving real-world engineering problems, the algorithm needs 

more flexibility and robustness due to the increase in objectives and 

the difficulty of constraints. Therefore, the potential value of the al-

gorithm is mainly reflected in its ability to solve complex real-world 

engineering problems. We have conducted experimental research with 

the comparison algorithms on 7 real-world engineering problems. The 

selected problems come from different fields of science and engineer-

ing, which are vibrating platform design [58], disc brake design [59],
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Fig. 10. The convergence curves of IGD+ for ablation study.

Fig. 11. IGD+ and HV rank of CP, 𝜂, and 𝛾 under different values obtained by Friedman test.

car side impact design [60], simply supported i-beam design [61], bulk 

carrier design [62], reactor network design [63], and synchronous op-

timal pulse-width modulation of 3-level inverters [64]. Since the IGD+ 

indicator measures the performance of the algorithm by calculating the 

Euclidean distance between the approximate PF and the true PF, the true 

PF is unknown in real-world engineering problems. Therefore, only the 

HV indicator is used. The results are shown in the Table 8. The Wilcoxon 

rank sum test with a significance level of 0.05 is used in the experiment. 

The best results of each problem are highlighted in bold and blue. It can 

be seen that TCCMT achieves the best result on four problems. In addi-

tion, the Friedman aligned test results of the experiment are shown in 

the Fig. 12. TCCMT achieves the best rank on all problems. Due to the 

characteristics of real-world engineering problems, algorithms need to 

obtain the optimal results under limited computing resources. Compared 

with EMCMO and CMEGL, the two CMOEAs based on EMT, TCCMT can

select the best auxiliary task to co-evolve through a collaborative com-

petition mechanism. Therefore, TCCMT can reasonably use computing 

resources, which enables it to take advantage of these real-world engi-

neering problems. Moreover, the constraints of real-world engineering 

problems are stricter, which makes the feasible regions in the search 

space relatively small. CMOEAs based on unconstrained population as-

sistance, such as CCMO and EMCMO, may fall into local optimum due to 

insufficient guidance of feasible information in the auxiliary population. 

The proposed constraint adaptive regression strategy can dynamically 

decide whether to consider the constraint information, which can im-

prove the exploration ability of the auxiliary population so as to avoid 

this problem. It is worth noting that different application scenarios of-

ten require different trade-offs. Therefore, decision makers usually need 

a set of Pareto optimal solution sets with good diversity to support dy-

namic needs. TCCMT can effectively maintain diversity with the help of

Applied Soft Computing 185 (2025) 113900 

16 



X. Feng, Q. Dang, X. Gao et al.

Table 8 

HV results of ten comparison algorithms on 7 real-world engineering problems.

Fig. 12. The box plots of average HV rank obtained by the Friedman test on 

real-world engineering problems.

the double angle enhancement strategy, showing good practical appli-

cation values. The above discussion shows that the proposed TCCMT 

obtains the powerful performance in solving real-world engineering 

problems.

5. Conclusion

In this paper, we propose a CMOEA based on a collaborative com-

petition multitasking framework (TCCMT) to solve the unnecessary 

waste of computing resources. Three related optimization tasks and 

three evolutionary stages are constructed in TCCMT. During the evo-

lution process, only the dominant one between the two auxiliary tasks 

is selected to co-evolve with the main task. The two auxiliary tasks de-

termine the advantage and disadvantage in a collaborative competition 

manner. To be specific, while maintaining the competitive relationship, 

the auxiliary tasks can cooperate in a mixed parent manner to guide 

the evolution of each other. Meanwhile, different strategies are imple-

mented to satisfy the exploration and exploitation in each stage. To 

enhance the ability of auxiliary tasks, they customize the constrained 

adaptive regression strategy and the double angle enhancement strat-

egy, respectively. The constrained adaptive regression strategy can be 

dynamically adjusted according to the proportion of feasible solutions 

in the population, which improves the exploration ability. The dou-

ble angle enhancement strategy makes effective use of high-quality 

infeasible solutions through the angle-based dominance principle and 

angle-based environmental selection, thereby maintaining the diversity 

of population. Compared with the nine most advanced CMOEAs on 33

test problems, the results show that TCCMT achieves the best IGD+ re-

sults on 28 test problems and the best HV results on 25 test problems. 

The Wilcoxon signed-ranks test results demonstrate that TCCMT is sig-

nificantly different from other comparison algorithms. The Friedman 

aligned test results indicate that TCCMT achieves the best rank on all 

test problems. In addition, the experimental results on 7 real-world en-

gineering problems show that TCCMT achieves the best HV result on 

4 problems.

In the future, there are still some noteworthy research directions. 

Firstly, the selection of dominant auxiliary task is only based on the 

contribution of auxiliary tasks, but some potential values are not con-

sidered, such as high-quality infeasible solutions in the population. Thus, 

a more perfect competitive mechanism and task effectiveness evaluation 

indicator should be designed. It is expected to comprehensively evalu-

ate the value of auxiliary tasks and realize the dynamic optimization 

of the selection. Furthermore, TCCMT has insufficient processing ability 

on some high-dimensional complex problems, which need specific aux-

iliary tasks to provide assistance. Therefore, more diversified auxiliary 

tasks should be nested in the competitive mechanism to provide a com-

prehensive auxiliary effect for different problem characteristics. Finally, 

TCCMT divides the evolution process into three stages, but the control 

of each stage depends on the preset parameters. Since different prob-

lems require different evolution times at each stage, selecting a suitable 

parameter for all problems is difficult. It is necessary to develop an adap-

tive stage transition mechanism to avoid the influence of parameters on 

the algorithm and enhance the adaptability.
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